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A continuous 3-state Potts model with an analog of spherical constraints is 
proposed and is shown to have an exact solution in the case of infinite-ranged 
interactions. "Spherical" 3-state Potts spin glass model is solved using the known 
properties of a large random matrix. For this model the results are identical to 
those obtained by the replica approach for replica symmetric solution. 

During last decades the so called IRSB (one-step replica-symmetry 
breaking) models: the ]3-state Potts spin glasses (PG) and j9-spin 
spin glasses as well as their continuous versions - are in the focus of 
investigations in spin glass theory. Although the spherical models are 
rather unrealistic they present rare examples of many-particle sys- 
tems which can be solved analitically in three dimensions. It is well 
known that the behaviour of continuous magnetic systems with spher- 
ical constraints differs essentially of their discrete counterparts being 
in some aspects nonphysical. Nevertheless it seems always interesting 
to consider models which have exact solutions in regular as well as in 
random couplings cases. 

In this Letter we introduce and solve a new model - "spherical" con- 
tinuous generalization of three-state Potts model. This can be eas- 
ily done due to a representation of 3-state Potts model in terms of 
quadrupole moment operators used in our papers dealing with the 
3-state Potts spin glass. The content of this Letter is the straightfor- 
ward generalization of the paper by Berlin and Kac^ where the spher- 
ical two-spin model was introduced and solved for nearest neighbour 
interactions on different lattices and that by Kosterlitz, Thouless and 
Jones ^ where this model was solved in the case of infinite-ranged in- 
■ teractions with a Gaussian probability distribution (spherical version 
^ , of the Sherrington-Kirkpatrick (SK)^ model). 

. 5^ ; The p-state Potts spin glass model is a lattice model where each 
lattice site carries a Potts spin cr^ which can take one of the p values 
(jj = 0,1,...,]7 — 1 with the Hamiltonian 

^ = -f E J^A^a, (1) 
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where 6aj3 is the Kronecker symbol. Thus, a pair {(7i,aj} contributes 
an energy —Jij if ai = Gj and zero otherwise. The interactions are 
quenched random variables described by a Gaussian distribution 

P{Jij) = iV2^J)-'exp[-{Jij - J^f/2J\ 

The Potts glass with an infinite-range interaction Jq = Jq/N, J = 
J/7V^/^ has been studied in The short-range version has been 

considered in ^^-le ^^^^ subject of intense investigation through 
computer simulations 

The soft-spin version of PG has also been suggested as a starting 
point for a theory of structural glasses and the transition from the 
metastable fluid to the glass state The Potts glass may also serve 
as a model for orientational glasses in molecular crystals and cluster 
glasses where a strong single-site anisotropy restricts the orientation 
of the appropriate molecular group to p distinct directions. 

As is well known in SK discrete spin glass ^ the replica symmetric 
(RS) solution is unstable and one needs to use the Parisi scheme to ob- 
tain the stable solution with so called full replica symmetry breaking 
(FRSB). In the corresponding spherical spin glass the exact solution 
can be obtained by straightforward thermal averaging and using the 
known properties of a large random matrix and this solution is iden- 
tical to RS solution obtained through replica approach ^. 

In the case of ]9-spin spherical spin glass with p > 2 it was established 
rigorously by Crisanti and Sommers that there is a discontinuous 
transition to IRSB solution and this solution remains stable till zero 
temperature. For discrete Ising spin ]9-spin glass E.Gardner has 
shown that IRSB solution is unstable at very low temperature using 
perturbations about known solutions for the cases p = 2 + e and p — ^ 
oo. The second transition leads to a phase described by a continuous 
order parameter full RSB (FRSB) function q{x). 

The 3-state Potts spin glass is somehow intermediate system between 
SK (p=2) glass and "canonical" IRSB glasses. In 3-state PG there is 
no reflection symmetry and IRSB solution was shown ^'^^ to be stable 
in the vicinity of the RS transition temperature (which coincides with 
that of IRSB transition) against the higher stages of RSB, but the 
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static and dynamical transitions are both continuous, which is not a 
general property of IRSB models. Recently, it was shown that at 
low temperature the IRSB solution becomes unstable and a 2RSB or 
full RSB can take place. 

Let us consider now the system of particles on lattice sites i, j with 
the reduced Hamiltonian 

H = -lT.MQiQj + ViVj), (2) 

where Q = 3J^ — 2, J=l, Jz = 1, 0, —1. A particle quadrupole moment 
is the second-rank tensorial operator with five components. In the 
principal axes frame only two of them remain: Q and V. In the 
subspace J=l the following equality holds: 

g(Qm(i)Qn(j) + + 2) = Smn- 

This equality shows the equivalence of (2) to the p = 3 Potts Hamil- 
tonian (1). We shall assume that Jij are distributed following the 
Gaussian law with zero mean: 

and J = J/ArV2. 

It is easy to show that the operators Q and V in the subspace J = 1 
are such that QV = V, = 2 - Q and V'^ = 2 + Q so that 

q^^Y2 = 4. (3) 

This equality is the key one permitting to introduce a continuous 
"spherical" generalization of the discrete 3-state Potts model. The 
Hamiltonian (2) with the constraints 

UQl + V') = 4iV (4) 

i 

can be solved exactly and the solution occurs to be identical to the 
replica symmetric solution obtained through replica approach. 

Let us first diagonalize the matrix Jij by an orthogonal transforma- 
tion. The variables Qi and Vi are transformed to new variables Qx 
and Vx defined by 
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= E < A|i > Q^] Vx = Y.<Mi> Vh (5) 

i i 

where < X\i > is the orthonormal eigenvector of Jij belonging to the 
eigenvalue Jx. In the limit N ^ oo the eigenvalue density p{Jx) obeys 
the semicircular law (see e.g.^^^ 



piJx) = ^(4P - J!)'". (6) 

The constraints (4) on the integration in partition function may be 
taken into account by use of corresponding (5-function. Using inte- 
gral representation for (5-function and performing integration over the 
variables Qx and Vx as is usually done in spherical-model approach we 
obtain the partition sum in the form (up to unimportant normalization 
factor) : 

a+zoo 7 -1 

Z= I ^exp[Ar(4^--Eln(^-2M))], (7) 

a— ZOO 

where the contour of integration is to the right of the largest eigen- 
value, 2J. 

Using the integration / dJp[J)... with p[J) from (6) instead of the 
summation (1/A^) Ea ••• we obtain the saddle-point equation for z: 

z - y/W^ = 2t\ (8) 

where t = /3J. The equation (8) has the solution z = |(1 + 4^^) if 
T > Tc and Tc is determined by the condition z"^ = t"^, that is 4t^ = 1. 
For T < Tc, Eq. (8) has no solution, and the saddle-point value of z 
sticks at t, the branch point of the integrand of Eq. (7) (see ^). The 
partition function (7) gives the free energy per site averaged over the 
eigenvalue spectrum (^^) (/c^ = 1): 

< fiT) >a,= -T - 2^ - 2T In 2, r > T^, (9) 

< f{T) -4J + I + rin^,T < Te. (10) 
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Specific heat per site is At^ for T > and 1 for T < T^. The 
low-temperature entropy is negative and diverges logarithmically as 
T — ^ 0. This nonphysical behaviour is analogous to the standard 
pathology of spherical models. 

Let us consider now the Hamiltonian (2) using replica approach. 
Using standard procedure we can write the replica free energy per site 
in the following form (compare with 9,io,2i. 



a+ico 

(3f = lim lim — —\ / dz dQi..AQndVi...dVndyidy2dxidx2>< 



a— too 



, n(n — n(n — l)v9 nxl; nxn , ^,^o ^.o^. 



a 



Here xx Q\ >, x^ Vl >, y\ ~< QaQ(i >, ~< >■ 
Taking into account that 



/ dQ^,...dQ^^ exp E QaQ^ + ^ E - ^ E(Qa 



= exp 



n ixi iyi 



txi , tyi 



4/ _ tel I tyi 



) 



we obtain finally the saddle-point free energy in the form: 



XT x% w5 1 , . icit yit. 

-Pf = 4^--^--^ + ^ + ^- -ln(z-^ + ^)+ 



(11) 



4(z 



1, / I ^1/2 



%/2 



V2 



4{z 



V2 
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It is easy to see that the equations for the extremum condition for 
(11) have a solution xi = X2 = x and yi = y2 = y- Now these 
equations have the form: 

8(.-^ + f)^-2(.-^ + f)-t. = 0; (12) 
Mz-4; + W = ^^^^ 



The solution of the equation (12) gives 

xt yt 1 

if y — ^ 0. So, the Eq. (13) gives the critical temperature Tc defined by 

iti = 1. 

For T > Tc the solution of the equations (12) - (14) is 

and the replica symmetric free energy (11) coincides with that given 
by (9). For T < Tc we obtain 

y = 2t-l,x = tV2,z = t 

and the replica symmetric free energy (11) coincides with that given 
by (10). Following ^ it is easy to show that the behavior of the order 
parameters is identical in both approaches. For standard glass order 
parameter q we have q = y/t = 2 — \/t. 

So, the replica symmetric solution for the 3-state "spherical" Potts 
glass coincides with the exact solution for this model obtained by use 
of the known properties of large random matrices so that no replica 
symmetry breaking is needed. This case is in close analogy with the 
case of spherical version of the SK model. 
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It is worth making some remarks. First, it is interesting to emphasize 
that the exact solution is the repUca symmetric one, although there 
is no reflection symmetry in the model. The 3-state spherical Potts 
glass behaves like spherical SK glass and not like the p-spin spherical 
model. So, one can conclude that it is not the reflection symmetry 
that deflne the replica solution in spin glasses. 

Second, the model proposed in this paper permit to consider cor- 
rectly the dynamics of glass transition. 

Third, it is obvious that the regular case can be solved exactly, too. 
Following ^ we can consider different lattices and short-ranged inter- 
actions. For the case of inflnite-ranged regular interaction ( = G) 
analogous to that of Kac model we obtain directly from the partition 
sum (7) 

/(T) = -T - 2G - 2Tln2,T > Tc, (15) 

f{T) = -4G + T\n^,T<n, (16) 

with a discontinuity in specific heat at Tc {Tc = 2G). 
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